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The theory of Riesz spaces (vector lattices) and of order bounded linear 
operators is by now an integral part of modern analysis; it suffices to cite the 
monographs [l], [2], [4], [6], and [9] for a documentation of the rapid and 
strong development of this theory from approximately the early sixties to the 
most recent past. In particular, it was during that period that the methods and 
approaches of modern functional analysis which had been so successful in other 
areas (the theory of distributions, differential operators, harmonic analysis, to 
quote just a few) were brought to bear on Riesz theory. Here the penetrating 
work [3] of W.A.J. Luxemburg and A.C. Zaanen set the stage for much of the 
subsequent development. 
The present paper, dedicated to one of the authors of those Notes as well as 
of the well-known monograph [4], is a contribution aimed at promoting a more 
intensive use of the duality theory of topological vector spaces in Riesz theory. 
It gives a number of applications of some recently discovered results [7], and 
the author hopes that these applications will stimulate further research in that 
direction. 
1. PRELIMINARIES 
For the theory of Riesz spaces and order bounded operators, we refer to 
[l, 2, 4, 6, 91. Notation will be fairly standard; in particular, if E is a Riesz 
space, we denote by E*, E,*, E,* the order dual of E (i.e., the Riesz space of 
all order bounded linear forms on E), the order o-continuous dual of E, and 
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the order continuous dual of E, respectively. If F is another Riesz space, then 
L,(E, F) and L,(E, F) will denote the respective spaces of order a-continuous 
and order continuous (order bounded) linear maps E-+F. Throughout the 
paper the field of scalars will be IF. As usual, if (E, F) denotes a separated dual 
pair of vector spaces, a(E, F) will stand for the weak topology of E defined 
by F. 
We recall from [7] the following basic result. 
1 .O. THEOREM. If E is any Riesz space and if J is an ideal of E * separating 
E, then E, = {x~ E : xg0) is a(E, J)-closed. 
An immediate consequence is the following result, which is reminiscent of a 
classical convergence theorem of U. Dini. 
1.1. PROPOSITION. Let E be a Riesz space, and let J be an ideal of E* 
separating E. If A is a directed (6 ) subset of E such that lim A = a for a(E, J), 
then A converges to a uniformly on every solid, a(E,*, E)-compact subset of 
E,*. If A is countable, a corresponding assertion is valid with respect to the 
weak topology a(E,* E). 
PROOF. We first note that by [6, II. 5.81, the assumption implies that 
a = sup A; hence we have a=lim A for a(E, E,*). Second, if S denotes the 
family of all solid a(,!?,*, E)-compact subsets of E,* then, since S covers E,*, the 
topology .(on E) of uniform convergence on each SE S is consistent with the 
duality (E, E,*) [5, IV. 3.21. On the other hand, it is clear that the positive 
cone E, of E is normal for the S-topology, whence the assertion follows from 
[5, v. 4.31. 1 
Another consequence of Thm. 1.0 is this result which was proved in 17, 
Prop. 21. 
1.2. THEOREM. Let E, F denote Riesz spaces with F Dedekind complete. 
If F,* separates F, an order bounded (linear) operator T: E-F is order 
continuous if and only if T*(F,*) c E,*. Similarly, if Fz separates F, an order 
bounded operator is order a-continuous if and only if T*(Ff)cE,*. 
We note that in Thm. 1.2, the assumption that F be Dedekind complete is 
dispensable if T is supposed positive [7]. 
2.EXTENSIONOFORDERa-CONTINUOUSOPERATORS 
Suppose E, F are Dedekind complete Riesz spaces separated by their re- 
spective order continuous duals E,*, F,*. Then by Nakano’s theorem [6, II. 
4.121, E (respectively, F) can be identified with an order dense ideal of (E,*),* 
resp. (F,*),*. Thus an order bounded operator T: E-+F is order continuous 
if and only if T possesses an (obviously unique) order continuous extension 
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F: (II?,*),*-+(Fi For order o-continuous operators the situation is not as 
transparent, but from Thm. 1.2 we obtain this result. 
2.1. PROPOSITION. Let E, F be Riesz spaces separated by E,*, F,*, respec- 
tively, and suppose F to be Dedekind complete. For an order bounded operator 
T : E-F, the following are equivalent: 
(a) T is order a-continuous 
(b) T is a(E, E,*) - a(F, F,*) continuous 
(c) T has a a(G, E,*) - o(H, F,*) continuous extension from G := (E,*),* into 
H : = (F,*),*, which is unique and order continuous. 
PROOF. The equivalence (a) e, (b) is immediate from Thm. 1.2. 
(b)*(c): Since the weak continuity of T is tantamount to the inclusion 
T*(F,*)CE,* and since T* is clearly order a-continuous (in fact, order con- 
tinuous), it follows that T**(G) C H. Thus T** is an extension with the required 
properties; its uniqueness follows from the fact that E can be identified with 
a a(G, E,*)-dense subspace of G. 
(c) * (a): Clearly, if i; is a weakly continuous extension of T then T*(F,*) C 
CE,* and again, Thm. 1.2 implies that T is order a-continuous. 1 
3.ORDERCONTINUITYON DUAL RIESZSPACES 
Let E, F denote Riesz spaces separated by their respective order duals E *, F *; 
moreover, let G := (E *),* and H= (F*),*. (More generally, in the following 
proposition, E* can be replaced by an arbitrary E-separating ideal ICE *, and 
similarly for F*.) 
3.1. PROPOSITION. For an order bounded linear map S : F*dE *, the 
following assertions are equivalent: 
(a) S is order continuous 
(b) S is o(F*, H) - a(E *, G) continuous 
(c) S is o(F*, H)-o(E*, G) continuous, where o(F*, H) is the topology of 
uniform convergence on all order bounded subsets of H (and similarly for 
o(E *, G)) 
(d) S*(G)cH 
(e) S*(J)c H for some E *-separating ideal JC G. 
PROOF. (a)*(b) is trivial. 
(b) cs (c) follows from the fact that the topologies o(E *, G) and o(F*, H) are 
consistent with the dualities (E *, G) and (F*, H), respectively (which is seen 
as in the proof of Prop. l.l), and from the fact that the adjoint of an order 
bounded map is order bounded. 
(b) * (d) * (e) are again trivial. 
(e)*(a): The assumption is equivalent to the assertion that S is continuous 
for the topologies a(F*, H) and a(E*, J). Suppose first that SgO. Now if 
A C F* is directed (5 ) and a = sup A, then lim A = a for a(F*, H) by definition 
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of H; thus lim S(A) =S(a) for a@*, J). By Thm. 1.0, the positive cone Ef is 
a(,!?*, J)-closed; therefore sup S(A) =S(a) [6, II. 5.81 and it follows that S is 
order continuous. 
If, more generally, S is order bounded then, since F** is Dedekind complete, 
S * = S,* - Sf where the positive and negative parts of S * map J into H because 
H is an ideal (in fact, a band) in F**. Therefore, the implication (e) * (a) 
remains valid as well. 1 
3.2. EXAMPLE. Perhaps the best known example for the coalescence of 
weak* and order continuity is furnished by the class of order bounded (or 
equivalently, norm bounded) operators S : L”(&+L”(p), where p is a a-finite 
(or at least localizable) measure. In fact, in this case E= F=L’(p) is a perfect 
Riesz space [2], and for the weak* continuity of S it clearly suffices that 
S*(J) c L’(p) for some dense ideal JCL ‘01). 
In addition, from the equivalence of order and weak* continuity of a 
bounded operator S we can conclude that for S to be weak* continuous, it 
suffices that S be weak* continuous on the unit ball of La@). This fact is 
usually based on Grothendieck’s completeness theorem [5, IV. 6.21. 
4.A DUAL SPACE OF L,(E,F) 
Suppose E, F to be Riesz spaces, with F# (0) Dedekind complete and sepa- 
rated by its order continuous dual F,*. Let us consider L,(E, F) under the weak 
operator topology with respect to F,*, i.e., the topology of simple convergence 
[5, III. 31 where F is supplied with the weak topology a(F, F,*). 
4.1. PROPOSITION. One has L,(E, F)# (0) if and only v E,*# (0); 
moreover, if E,* separates E then under the weak operator topology, L,(E, F) 
is a Hausdorff locally convex space with dual E@F,*. 
PROOF. Since E,*@FcL,(E, F), it is clear that E,*# (0) implies that 
L,(E, F)# (0); conversely, if 0# TEL,(E, F) then by the above assumption 
on F there exists y * E F,* such that 0 #y *o TEE,*. 
Concerning the second assertion, we first observe that by Thm. 1.2 an order 
bounded operator T: E+F is order continuous iff it is continuous for 
a(E, E,*) and a(F, F,*). Now if we denote by L,(E, F) the space of all linear 
maps E-F that are continuous for these topologies, then by a well known 
result [5, IV. 4.31 the dual of L, for the weak operator topology is E@F,*. 
Thus L,(E, F) is a linear subspace of L,(E, F), and under the present as- 
sumption that E,* separate E it follows that E,*@F separates E@F,* canoni- 
cally. Therefore, E,*@F is dense in L,(E, F) and hence L,(E, F) is dense in 
L,(E, F) for the weak operator topology. This proves the assertion. 1 
4.2. REMARK. We observe that by [5, IV. 4.31, the dual of L,(E, F) is (alge- 
braically) isomorphic with E@F,* under the topology of simple convergence 
when F is supplied with any locally convex topology consistent with (F, F,*) . 
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In particular, this is true when F is given the topology of uniform convergence 
on all solid, a(F,*, F)-compact subsets of F,*; for example, the norm topology 
whenever F is a Banach lattice with order continuous norm. 
Finally, a result similar to Prop. 4.1 holds for the space L,(E, F), supposing 
F to be a Dedekind complete Riesz space separated by its order o-continuous 
dual F,*. 
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